ABSTRACT: A fast technique is proposed to determine the complex propagation constants of the leaky and Berenger modes of circular dielectric waveguides terminated by a perfectly matched layer (PML). The method relies on a coordinate transformation in the complex plane and uses the approximate analytical solutions of the dispersion relations as a first estimate. The efficiency of the technique is shown for a microstrip substrate and a VCSEL configuration, both terminated by a perfectly matched layer.
INTRODUCTION
Perfectly matched layers (PMLs), introduced by Berenger [1] as absorbing boundary conditions in FDTD simulations, can also be used analytically to efficiently model conductors in microstrip substrates [2, 3] and to analyze discontinuities in open waveguides, involving microstrip substrates [4] , laser facets [5] , and VCSELs [6] . The technique relies on the fact that the closed waveguide formed by terminating an open structure by means of a PML allows a discrete mode expansion, while the PML mimics an open configuration. Discrete sets of modes are used in a mode-matching technique to describe the behavior of a discontinuity, such as the edge of a substrate, a laser facet, or a VCSEL cavity. A key issue in this approach is the knowledge of the eigenvalues ␤ and eigenmode profiles pertaining to the original waveguide combined with the PML. Indeed, to apply the mode-matching formalism with a sufficiently high degree of accuracy, knowledge of the complex eigenvalues and the fields profiles of the modes is required to a sufficiently large order.
Finding a large number of complex zeroes satisfying a rather intricate dispersion relation is not a straightforward task. Newton's method is very efficient, but also very dependent on the first estimate used. This method is not able to determine all zeroes present within a certain region in the complex plane. On the other hand, the principle of the argument method (PAM) [7] is very robust, as it allows one to determine all zeroes present in a certain region. However, one has to pay special attention to the location of branch cuts and poles when choosing a region in the complex plane. Moreover, complex contour integration requires a sufficiently large number of sample points, and hence, a large number of function evaluations. In general, some extra iterations using Muller's or Newton's method are required to improve the accuracy of the zeroes. In this paper, we present a fast algorithm to find the propagation constants of the modes propagating in a configuration consisting of a planar or a circular dielectric waveguide terminated by a PML. This technique relies on the analytic approximations that were derived in [8] for the planar dielectric waveguide, and in [9] for the circular dielectric waveguide, under the assumption that the order of the mode is sufficiently high. Based on these approximations, a coordinate transform is introduced, transforming the approximate zeroes to the real axis, at the locations n ϩ t Ϫ /t, with t ϭ 0, 1/4, 1/ 2, or 3/4, depending on the kind of waveguide and the kind and the order of the mode. By using these points as first estimates in Newton's method, the exact roots of the dispersion relation are found after very few iterations.
THE PLANAR DIELECTRIC WAVEGUIDE
Consider the configuration shown in Figure 1 , consisting of a microstrip substrate with permittivity r , permeability r , and thickness d. Above the substrate, an air region is present with thickness d air , terminated by a PML with thickness d PML and with material parameters 0 and 0 [10] . In [4] it is shown that, by stretching the coordinates, the air region can be combined with the PML to form a single air layer with complex thickness The propagation constants ␤ of the eigenmodes propagating, for example, in the ϩz direction with phase factor e Ϫj␤z , obey the following dispersion relation: We now assume that the PML acts as a strong absorber. In [8] , we have shown that the eigenvalues obeying Eq. (1) can be subdivided into leaky eigenvalues and Berenger eigenvalues. For both types, analytical approximations were derived. These approximations form the basis for the fast solution scheme proposed in this paper. Let us consider a nonmagnetic dielectric waveguide and focus on the TE case. Then, the following coordinate transformation is introduced, mapping the complex ␤ plane to the complex z plane, given by
The approximate zeroes of Eq. (1) are now located along the real axis, at points z ϭ 1/ 2, 3/ 2, 5/ 2, . . . . In order to find the exact zeroes, these points are chosen as initial values for Newton's method. In general, starting from these first estimates, Newton's method is able to determine the real zeroes with a very high accuracy after only a few iterations. Once the zeroes are known in the z plane, the eigenvalues ␤ are found as:
In order to determine the Berenger modes, we proceed in a similar fashion, but now the following coordinate transformation is used:
The approximate zeroes of Eq. (1) are then located at points z ϭ 1, 2, 3, . . . . For the TM case, the relevant coordinate transforms for the eigenvalues of the leaky modes are:
which locates the approximate zeroes of Eq. (1) at points z ϭ 1/ 2, 3/ 2, 5/ 2, . . . , and for the Berenger modes are:
which locates the approximate zeroes of Eq.
(1) at points z ϭ 1, 2, 3, . . . .
THE CIRCULAR DIELECTRIC WAVEGUIDE
Let us now consider the configuration shown in Figure 2 , consisting of a circular dielectric waveguide with a core section having refractive index n co , permeability co , and radius r. The cladding, Figure 3 Finding the propagation constants ␤/k 0 of the TE modes based on their analytical approximations Figure 4 Number of functions evaluations required to find the n th leaky TE mode in Newton's method Figure 5 Finding the propagation constants ␤/k 0 of the TM-modes based on their analytical approximations with refractive index n cl and permeability cl , is terminated by a PML with thickness ⌬ and absorption 0 , to form a closed circular waveguide with radius R. In [6, 11] it is shown that, by stretching the coordinates, the air cladding can be combined with the PML to form a cladding layer with complex thickness R Ϫ r ϭ R Ϫ r Ϫ j⌬( 0 / 0 ). By replacing the real radius R of the closed circular waveguide by a complex complex radius R , one can easily perform the modal analysis of the waveguide under consideration.
For modes propagating along the axis of the fiber (the z direction), with propagation constant ␤, the eigenvalues obey following dispersion relation:
with k co
To assure propagation in the ϩz direction with a bounded mode profile, the propagation constants must obey Re(␤) Ն 0 and Im(␤) Յ 0. Branch cuts are then chosen so that Re(k co ), Re(k cl ) Ն 0 and Im(k co ), Im(k cl ) Ն 0. For ϭ 0, the modes decouple into TE-and TM-polarized modes, in all other cases, the dispersion relation yields hybrid HE or EH modes.
Bearing in mind the analytical approximations derived in [9] , the technique derived in section 2 is applicable. For a nonmagnetic configuration, the relevant coordinate transformations are, for the propagation constants of the leaky modes:
positioning the approximate zeroes at points z ϭ 3/4 Ϫ / 2, 7/4 Ϫ / 2, 11/4 Ϫ / 2, . . . , and
positioning the approximate zeroes at points z ϭ 5/4 Ϫ / 2, 9/4 Ϫ / 2, 13/4 Ϫ / 2, . . . . For the propagation constants of the Berenger modes, the following transformations apply:
placing the approximate zeroes at points z ϭ 1, 2, 3, . . . , for all , and
placing the approximate zeroes at points z ϭ 1, 2, 3, . . . , for all .
EXAMPLES
Let us now evaluate the efficiency of the eigenmode solver for the proposed dispersion relation for a few examples. A planar dielectric substrate and a VCSEL cavity are considered. The technique is implemented using 
Planar Dielectric Substrate
In order to illustrate the theory developed in section 2, we consider a planar dielectric waveguide-PML configuration with d ϭ 9 mm, r ϭ 3, d air ϭ 5 mm, and d PML ϭ 3.5 mm at 12 GHz. A strongly absorbing PML is obtained with 0 ϭ 10 and 0 / 0 ϭ 8. The substrate has no magnetic contrast ( r ϭ 1). Using the technique described in section 2, it took 28 s to calculate the propagation constants of the first 1000 leaky TE modes, 16 s for the propagation constants of the first 1000 Berenger TE modes, 12 s for the propagation constants of the first 1000 leaky TM modes, and 12 s for the propagation constants of the first 1000 Berenger TM modes. All calculations were performed up to an accuracy of 10 Ϫ8 . In Figure 3 , the root finding process is illustrated schematically for the first 30 leaky and Berenger TE modes, in both the complex z plane and the complex ␤ plane. In Figure 5 , the process of finding the first 30 leaky and Berenger TM modes is shown. Moreover, in Tables 1, 2 , 3, and 4, some propagation constants are listed in both the z and ␤ planes. The number of function evaluations that are required to find the first 1000 propagation constants up to the accuracy of 10 Ϫ8 remains very low, especially for increasing mode numbers, as shown in Figure 4 for the TE leaky modes. Similar plots show that the number of function evaluations drops below 6 when n Ͼ 12 for the TE Berenger modes, when n Ͼ 3 for the TM leaky modes, and when n Ͼ 7 for the TM Berenger modes.
VCSEL Cavity
We consider an AlAs-AlOx waveguide-PML configuration with n co ϭ 2.9, n cl ϭ 1.55, r ϭ 0.5 m, R ϭ 1 m, and ⌬ ϭ 0.25 m at a free-space wavelength of ϭ 1 m. A strongly absorbing PML is obtained for R ϭ (1.0 Ϫ 0.1j) m. The parameters of this configuration correspond to the VCSEL resonator studied in [6] .
No magnetic contrasts ( co ϭ 1 and cl ϭ 1) are present in this configuration. Let us now concentrate, for example, on the hybrid EH modes for ϭ 1. The propagation constants are determined up to an accuracy of 10 Ϫ11 . Using the technique described in section 2, it took 116 s to calculate the propagation constants of the first 150 Berenger HE modes based on transformation (10) and 135 s for the propagation constants Berenger HE modes based on transformation (11) . Concerning the leaky modes, 133 s were needed to find the propagation constants of the first 150 modes based on transformation (9) . For the modes based on transformation (8), Newton's method did not converge for the first four modes, but found the remainder of the first 150 modes in 127 s. The lack of convergence for the lowerorder modes is due to the fact that the analytical expressions were derived for a mode number that is sufficiently high. Since the analytical approximations become inaccurate as a first estimate for lower-order modes, it could be that the fast zero-finding technique based on the analytical approximation does not recover all lowerorder modes. It may then be safer to apply the principle of the argument method for these modes. The latter technique can determine these zeroes efficiently, as it is applied to a small and well-determined rectangular region in the ␤ domain. By using this approach, seven lower-order modes in total were recovered with the principle of the argument method. The complete root finding process is illustrated schematically in Figure 6 for the first 30 leaky and Berenger EH modes of the two types, in both the complex z plane and the complex ␤ plane. Again, the number of function evaluations that are required to find the first 150 propagation constants up to the accuracy 10 Ϫ11 remains very low, especially for increasing mode numbers, that is, between 14 and 3, as shown in Figure 7 for the hybrid leaky modes based on transformation (8).
CONCLUSION
A fast technique is introduced to determine the complex propagation constants of the leaky and Berenger modes of planar and circular dielectric waveguides terminated by a perfectly matched layer. The method is based on a coordinate transformation in the complex plane, using the approximate analytical solutions of the dispersion relations as a first estimate. The efficiency of the technique is shown for a microstrip substrate and a VCSEL configuration, both terminated by a PML. The formalism can also be used to derive the complex propagation constants of the leaky modes of open structures, such as microstrip substrates and optical fibers. Figure 6 Finding the propagation constants ␤/k 0 of the hybrid EH11-modes based on their analytical approximations
Figure 7
Number of functions evaluations required to find the n th hybrid leaky mode in Newton's method, using transformation (8) 
PHOTONICS TRUE-TIME DELAY USING A TUNABLE-FIBER LASER SOURCE BASED ON A HIGH-BIREFRINGENCE FIBER-LOOP-MIRROR FILTER

INTRODUCTION
High performance radars and communication systems require the use of phased-array antennas (PAAs). To overcome the squint problem, true-time-delay (TTD) units are usually used to keep the beamforming direction stable at different microwave frequencies. The photonic TTD system has been considered a promising technique for wideband phased-array beamforming because of its advantages, such as low loss, small size, light weight, and immunity to electromagnetic interference [1] [2] [3] [4] . One way to achieve wideband photonic TTD beamforming is to use fiber laser as the laser source and fiber grating prisms (FGPs), either discrete fiber Bragg gratings (FBGs) or chirped gratings, as time delay elements. The fiber laser source is a very important element in the photonics TTD system. It should be able to generate multiwavelength lasing or tunable single wavelength lasing, in order to achieve various time delays when microwave-modulated lasings with various wavelengths are reflected at different locations of the time-delay grating. Several configurations have been used to construct a multiwavelength or single-wavelength tunable-fiber laser source, for example, strain-tuning several switchable discrete FBGs in the fiber laser's linear-cavity [5] , using sampled FBGs in the cavity of the fiber-ring laser [6] , or cascading several discrete FBGs in the fiber-ring laser's cavity [7] . Recently, X. P. Dong used a fiber-loop mirror (FLM) to construct a multiwavelength fiber laser [8] . The FLM is formed by only one directional coupler, one high-birefringence fiber, and one polarization controller, therefore, the amount of lasing and the wavelength spacing in the fiber laser are fixed. This is not very convenient for telecommunication and photonics TTD applications. In this paper, a novel erbium-doped fiber-ring laser, which can provide tunable multiwavelength lasings or single-wavelength lasing in the same configuration, is proposed and demonstrated. This fiber laser is based on a high-birefringence fiber loop mirror (HiBi-FLM), formed by a directional coupler, a number of high-birefringence fiber sections, and a number of polarization controllers. The reflection spectrum of the HiBi-FLM, which acts as a polarization-independent wavelength filter in the fiber laser's ring cavity, can be adjusted by tuning the polarization controllers. Therefore, desirable lasing wavelength and wavelength spacing can be achieved by setting the polarization controllers properly. Multiwavelength lasings and a tunable single-wavelength lasing have been achieved experimentally. A chirpedgrating-based TTD system using the proposed laser source is constructed and demonstrated experimentally.
SYSTEM CONFIGURATION AND EXPERIMENT
The schematic of the multiwavelength or single wavelength tunable fiber ring laser used in our experiment is shown in Figure 1 . It is constructed using a 15-m-long silica optical fiber, doped with approximately 200 ppm of erbium. The numerical aperture (NA) of the erbium-doped fiber is 0.21 and the cutoff wavelength is 920 nm. The erbium-doped fiber has an absorption coefficient of 12 dB/m at 980 nm. To increase the optical pump efficiency, the erbium-doped fiber is pumped at 980 nm in dual directions by a diode laser through two 980/1550-nm wavelength division multi- Figure 1 Fiber-ring laser using a high-birefringence fiber-loop mirror filter
